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1. Introduction
Let G be a simple algebraic group of exceptional type over an algebraically closed ﬁeld k of char-
acteristic p, where we set p = ∞ if k has characteristic 0. Let M be a maximal closed connected
reductive subgroup of G . In this paper we determine the fusion of unipotent classes in M , i.e., for
each unipotent M-class we give the G-class in which it lies.
Partial results of this kind may be found in various places in the existing literature. For example,
from the work of Seitz in [18], Testerman in [19] and Liebeck and Seitz in [13] in originally establish-
ing the existence of a number of the subgroups M , it is reasonably straightforward to deduce in some
cases the G-class containing a given unipotent M-class. Also, provided p is not too small, the G-class
which contains the regular unipotent M-class may be determined from the tables of [11]. However,
the information which may be obtained in this way is both incomplete and dispersed; in the present
work we treat all cases and present the results in a systematic fashion. It is anticipated that the tables
appearing here will be found useful to a number of other researchers.
Indeed, some of these results have already been used by Burness, Liebeck and Shalev in [5]. They
determine bounds for base sizes in primitive faithful actions of ﬁnite exceptional groups; their results
complete the proof of Cameron’s conjecture that a ﬁnite almost simple group in a primitive faithful
non-standard action has base size at most 7, with equality holding only for the Mathieu group M24
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Maximal subgroups of maximal rank.
G M
G2 A1 A˜1, A2, A˜2 (p = 3)
F4 B4,C4 (p = 2), C3 A1 (p > 2), A2 A˜2
E6 A5 A1, A2 A2 A2
E7 D6 A1, A7, A5 A2
E8 D8, E7 A1, E6 A2, A8, A4 A4
Table 2
Maximal subgroups not containing a maximal torus.
G = G2 G = F4 G = E6 G = E7 G = E8
M p M p M p M p M p
A1  7 A1  13 A2  5 (A1)∗  19 (A1)∗  31
G2 7 G2 = 7 (A1)∗∗  17 (A1)∗∗  29
G2 A1  3 C4  3 A2  5 (A1)∗∗∗  23
F4 all A1 A1  5 B2  5
A2G2 all G2 A1  3 A2 A1  5
F4A1 all F4G2 all
C3G2 all
in its natural action. Their approach is probabilistic in nature, and draws heavily upon information
about ﬁxed point ratios; and if a ﬁnite group G acts transitively with point stabilizer H , then an
elementary counting argument shows that the ﬁxed point ratio of an element x of G is |xG ∩ H|/|xG |.
It is therefore important to know in which G-class a given H-class lies; to assist with the treatment
of unipotent classes, the results of this paper were made available to the authors.
Another instance of these results being used elsewhere is the work of Fowler and Röhrle in [7].
Their starting point is a result of Jantzen stating that, given a classical group G in good characteristic,
if H is a subgroup of G of maximal rank and e is a nilpotent element in the Lie algebra of H , then
the cocharacters of H associated to e are precisely the cocharacters of G associated to e which take
values in H . They extend this to cover other pairs of reductive groups G and H with H ⊂ G , and as
an example of their results they take the maximal G2 subgroup of F4 when p = 7; to handle this
they need to know the fusion of unipotent classes in G2. Again, the relevant results here were made
available. (Unfortunately there is a misprint in the printed version of [7] in the case of the regular
G2-class, which has no effect upon the argument there; the correct F4-class is given here.)
As mentioned above, the maximal closed connected subgroups of exceptional algebraic groups
were ﬁnally determined by Liebeck and Seitz in [13], building upon earlier work of Seitz in [18]. As is
shown in [3], it is an immediate consequence of the Borel–Tits theorem that such a subgroup must
be either reductive or parabolic; we treat the former case. Such subgroups M divide naturally into
two types: those of maximal rank and those which do not contain a maximal torus of G . The various
possibilities are listed in [13, Table 10.4] and [13, Table 1] respectively; we reproduce this information
in Tables 1 and 2, the latter of which uses the notation of [11] to distinguish between conjugacy
classes of maximal A1 subgroups in E7 and E8.
The layout of the remainder of this paper is as follows. In Section 2 we describe and explain our
notation for unipotent classes. In Section 3 we explain how the G-class containing a given M-class
is determined in the majority of cases. Finally in Sections 4 and 5 we work through the possibilities
listed in Tables 1 and 2 respectively.
2. Notation for unipotent classes
We begin by noting that we shall write ∅ for the identity class of any group. Also, if M is a product
of simple factors M1 and M2, a unipotent M-class will be denoted CM1 ⊕ CM2 if its projections on M1
and M2 are the classes CM1 and CM2 respectively. It therefore suﬃces to describe the notation used for
unipotent classes in a simple algebraic group H over an algebraically closed ﬁeld of characteristic p;
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Unipotent classes in B2 (p 5).
Class Roots Jordan blocks
∅ – 15
A1 1 0 22,1
B1 0 1 3,12
B2 1 0, 0 1 5
we denote the root system of H by Φ(H) and the simple roots of H by α1,α2, . . . , where we use
the numbering of [4]. If p = ∞ or p is a good prime for H , we use the Bala–Carter–Pommerening
notation of [1,2,16,17], which we outline here; as in [10], we extend this to cover the case where p is
a bad prime for H by indicating ‘additional’ classes with a superscript ‘(p)’.
The Bala–Carter theorem, originally proved for large p and then extended by Pommerening to
cover all good p, states that there is a bijective correspondence between unipotent classes of H
and conjugacy classes of pairs (L, PL′), where L is a Levi subgroup of H and PL′ is a distinguished
parabolic subgroup of the derived group L′ of L; the unipotent class corresponding to the pair (L, PL′ )
is that containing the Richardson class in the action of PL′ on its unipotent radical.
The conjugacy of Levi subgroups L in simple algebraic groups H was determined in [2]. For the
most part, isomorphic Levi subgroups are conjugate; the cases where this fails are of two kinds, which
we describe in terms of the underlying root systems. Firstly, if H is of type B , C , F4 or G2, there are
pairs of Levi subgroups of type A1 which may be distinguished by root length; according as the roots
concerned are long or short, in B we shall write ‘A1’ or ‘B1’, in C we shall write ‘C1’ or ‘A1’, while in
F4 or G2 we shall write ‘A1’ or ‘ A˜1’. Likewise if H is of type F4 we distinguish between ‘A2’ and ‘ A˜2’,
and between ‘A2 + A˜1’ and ‘ A˜2 + A1’, where the tilde denotes a root system consisting of short roots.
Secondly, if H is of type D , we shall write ‘D2’ or ‘D3’ for a Levi subgroup whose root system is
conjugate to 〈α−1,α〉 or 〈α−2,α−1,α〉; and if  is even, a Levi subgroup of type A1 +· · ·+ At in
which all i are odd and
∑
(i +1) =  is denoted with a single or double prime superscript according
as the root system has a conjugate contained in 〈α1, . . . ,α−2,α−1〉 or 〈α1, . . . ,α−2,α〉. Likewise
if H is of type E7, a Levi subgroup of type 3A1, A3 + A1 or A5 is denoted with a single or double
prime superscript according as the root system has a conjugate contained in 〈α3,α4,α5,α6,α7〉 or
〈α2,α4,α5,α6,α7〉.
Given L, write L′ = L1 . . . Lt where each Li is simple; then the class CH corresponding to (L, PL′) is
the product of classes CLi corresponding to pairs (Li, PLi ). We shall use additive notation for classes,
so that the name of the class CH is the sum of the names of the classes CLi . For each simple factor Li ,
if PLi is a Borel subgroup, the unipotent Li-class corresponding to (Li, PLi ) is the regular class, and is
denoted simply ‘Li ’; if PLi is a distinguished parabolic subgroup with Levi factor of semisimple rank
n > 0, the unipotent Li-class corresponding to (Li, PLi ) is denoted ‘Li(an)’ (or ‘Li(bn)’ if Li is of type
E8 and n ∈ {4,5,6}, when there are two classes of distinguished parabolic subgroups with the same
value of n; these are listed explicitly in [2] or [6]).
This completes our description of the Bala–Carter–Pommerening notation; we must however say
how it is extended to cover bad characteristic. In fact it will be convenient to provide representa-
tives of the unipotent classes in all characteristics. If H is of classical type, in Tables 3 to 8 we give
class representatives for the possibilities which arise here (other than those of type A); each such
representative is a product of root elements xα(1), and we indicate the element by listing the roots
α concerned, each such root being expressed as a linear combination of simple roots αi with the
coeﬃcients in the form of the Dynkin diagram (so that for example in a root system of type D6 the
highest root is denoted 1222 11 ). We also list the sizes of Jordan blocks on the natural module for H ;
if p = 2 we reﬁne this list to form the Hesselink symbol of the class, as deﬁned in [8]. If instead H is
of exceptional type, explicit class representatives are listed in [10, Tables A and B] for groups of type
G2 or F4, while it is explained in [10] how the notation used there for groups of type En corresponds
to the class representatives listed in [14,15].
Finally we note that in Sections 4 and 5 the simple roots of G will be denoted αi for i = 1,2, . . . ,
while those of M will be denoted βi (or βi and γi if M has two simple factors).
R. Lawther / Journal of Algebra 322 (2009) 270–293 273Table 4
Unipotent classes in B4.
Class Roots Jordan blocks
p > 2 p = 2
∅ – 19 191
A1 1 0 0 0 22,15 221,1
5
1
B1 0 0 0 1 3,16 22,1
7
1
B1(2) 0 0 0 1, 0 0 1 2 – 222,1
5
1
2A1 1 0 0 0, 0 0 1 0 24,1 241,11
A1 + B1 1 0 0 0, 0 0 0 1 3,22,12 232,131
A1 + B1(2) 1 0 0 0, 0 0 0 1, 0 0 1 2 – 242,11
A2 1 0 0 0, 0 1 0 0 32,13 322,1
3
1
A2 + B1 1 0 0 0, 0 1 0 0, 0 0 0 1 33 322,22,11
B2 0 0 1 0, 0 0 0 1 5,14 43,1
5
1
B2(2) 0 0 1 0, 0 0 0 1, 0 1 1 2 – 43,22,1
3
1
A3 1 0 0 0, 0 1 0 0, 0 0 1 0 42,1 422,11
A1 + B2 1 0 0 0, 0 0 1 0, 0 0 0 1 5,22 43,221,11
A1 + B2(2) 1 0 0 0, 0 0 1 0, 0 0 0 1, 1 1 1 2 – 43,222,11
B4(a2) 1 1 0 0, 0 1 1 0, 0 0 1 1, 0 0 1 2 5,3,1 423,11
B3 0 1 0 0, 0 0 1 0, 0 0 0 1 7,12 64,1
3
1
B3(2) 0 1 0 0, 0 0 1 0, 0 0 0 1, 1 1 1 2 – 64,22,11
B4 1 0 0 0, 0 1 0 0, 0 0 1 0, 0 0 0 1 9 85,11
Table 5
Unipotent classes in C3.
Class Roots Jordan blocks
p > 2 p = 2
∅ – 16 160
C1 0 0 1 2,14 21,1
4
0
A1 1 0 0 22,12 220,1
2
0
A1(2) 0 0 1, 0 2 1 – 221,1
2
0
A1 + C1 1 0 0, 0 0 1 23 231
A2 1 0 0, 0 1 0 32 321
C2 0 1 0, 0 0 1 4,12 42,1
2
0
C3(a1) 1 0 0, 0 0 1, 0 2 1 4,2 42,21
C3 1 0 0, 0 1 0, 0 0 1 6 63
3. Determination of G-classes
In this section we explain the method used in the majority of cases to determine the G-class
containing a given unipotent M-class (in Section 5 there are a few cases where we must proceed
differently, and these are treated as they arise).
We assume that we have explicit expressions for root elements of M in terms of root elements
of G , in which the coeﬃcients which occur lie in the prime subﬁeld of k. We may then form the
representatives of the unipotent M-classes as in Section 2, and use these expressions as input to
the computer program employed in the calculations of [10]. This program reads in matrices for root
elements of G in the action on either the Lie algebra L(G) or the module Vd of dimension d < dimG
(if G = E8); it then forms their product, and determines its Jordan structure (i.e., the list of sizes of
Jordan blocks) in all characteristics.
The instances of distinct unipotent G-classes having the same Jordan structure on either L(G) or
Vd (all but one of which occur in bad characteristic) are listed in Table C of [10]. However, careful
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Unipotent classes in C4.
Class Roots Jordan blocks
p > 2 p = 2
∅ – 18 180
C1 0 0 0 1 2,16 21,160
A1 1 0 0 0 22,14 220,1
4
0
A1(2) 0 0 0 1, 0 0 2 1 – 221,1
4
0
A1 + C1 1 0 0 0, 0 0 0 1 23,12 231,120
2A1 1 0 0 0, 0 0 1 0 24 240
2A1(2) 1 0 0 0, 0 0 0 1, 0 0 2 1 – 241
C2 0 0 1 0, 0 0 0 1 4,14 42,1
4
0
A2 1 0 0 0, 0 1 0 0 32,12 321,1
2
0
A2 + C1 1 0 0 0, 0 1 0 0, 0 0 0 1 32,2 321,21
C3(a1) 0 1 0 0, 0 0 0 1, 0 0 2 1 4,2,12 42,21,1
2
0
A1 + C2 1 0 0 0, 0 0 1 0, 0 0 0 1 4,22 42,220
A1 + C2(2) 0 0 1 0, 0 0 0 1, 0 2 2 1, 2 2 2 1 – 42,221
A3 1 0 0 0, 0 1 0 0, 0 0 1 0 42 421
A3(2) 0 0 1 0, 0 0 0 1, 1 0 0 0, 0 2 2 1 – 422
C3 0 1 0 0, 0 0 1 0, 0 0 0 1 6,12 63,1
2
0
C4(a1) 1 0 0 0, 0 1 0 0, 0 0 0 1, 0 0 2 1 6,2 63,21
C4 1 0 0 0, 0 1 0 0, 0 0 1 0, 0 0 0 1 8 84
examination of this table reveals that, for G = E8, the combination of Jordan structure on both Vd and
L(G) uniquely identiﬁes the unipotent G-class, with the sole exception of the classes A5 + A1 and
D6(a2) in E7 when p = 2; in addition there are seven pairs of classes in E8 when p = 2 which cannot
be distinguished by their Jordan structure on L(G). These eight pairs in total are listed in Table 9, the
third column of which gives the Jordan structure on L(G).
In order to distinguish between the two classes in each of these eight pairs, we consider the
structure of the Lie algebra centralizer. Given a unipotent class CG of G with representative u, we
compute the descending central series (d.c.s.) of H = CL(G)(u), by setting H1 = H and successively
taking the span of commutators of basis vectors of Hi and of H to form Hi+1. It turns out that, in
the sixteen classes of interest, the d.c.s. always terminates after either one or two steps, and indeed
for one class in each pair we have H3 = H2 while for the other we have H3 = H2; this therefore
provides an effective way of distinguishing between the two classes in each pair. In the fourth column
of Table 9 the dimensions of the factors Hi/Hi+1 in the d.c.s. are listed.
4. Subgroups M of maximal rank
In this section we treat the subgroups M listed in Table 1. In the two cases (M,G) = ( A˜2,G2) when
p = 3 and (C4, F4) when p = 2, for each non-identity unipotent M-class CM we shall give the G-class
CG containing it. In the remaining cases, to avoid unnecessary repetition we shall list only those
classes CM whose name is not the same as that of the corresponding class CG (possibly modulo some
fairly natural changes, which are discussed explicitly); for each such CM the corresponding CG may be
determined as described in Section 3. In these cases the Dynkin diagram of M is obtained from the
extended Dynkin diagram of G by the removal of a single node; the coeﬃcient of the corresponding
simple root in the high root of Φ(G) is a prime p0. We ﬁnd that, for the classes listed in the tables
here, the name of the G-class CG containing a given M-class CM very often depends on whether
p = p0 or p = p0; accordingly, most of these tables distinguish between these two possibilities.
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Unipotent classes in D6.
Class Roots Jordan blocks
p > 2 p = 2
∅ – 112 1121
A1 1 0 0 0 00 2
2,18 221,1
8
1
D2 0 0 0 0 10 , 0 0 0 0
0
1 3,1
9 222,1
8
1
2A1 1 0 0 0 00 , 0 0 1 0
0
0 2
4,14 241,1
4
1
(3A1)′ 1 0 0 0 00 , 0 0 1 0 00 , 0 0 0 0 10 26 261
(3A1)′′ 1 0 0 0 00 , 0 0 1 0 00 , 0 0 0 0 01 26 261
A1 + D2 1 0 0 0 00 , 0 0 0 0 10 , 0 0 0 0 01 3,22,15 242,141
A2 1 0 0 0 00 , 0 1 0 0
0
0 3
2,16 322,1
6
1
2A1 + D2 1 0 0 0 00 , 0 0 1 0 00 , 0 0 0 0 10 , 0 0 0 0 01 3,24,1 262
D3 0 0 0 1 00 , 0 0 0 0
1
0 , 0 0 0 0
0
1 5,1
7 43,22,1
6
1
A2 + A1 1 0 0 0 00 , 0 1 0 0 00 , 0 0 0 1 00 32,22,12 322,221,121
A2 + D2 1 0 0 0 00 , 0 1 0 0 00 , 0 0 0 0 10 , 0 0 0 0 01 33,13 322,222,121
2A2 1 0 0 0 00 , 0 1 0 0
0
0 , 0 0 0 1
0
0 , 0 0 0 0
1
0 3
4 342
A3 1 0 0 0 00 , 0 1 0 0
0
0 , 0 0 1 0
0
0 4
2,14 422,1
4
1
A1 + D3 1 0 0 0 00 , 0 0 0 1 00 , 0 0 0 0 10 , 0 0 0 0 01 5,22,13 43,232,121
(A3 + A1)′ 1 0 0 0 00 , 0 1 0 0 00 , 0 0 1 0 00 , 0 0 0 0 10 42,22 422,221
(A3 + A1)′′ 1 0 0 0 00 , 0 1 0 0 00 , 0 0 1 0 00 , 0 0 0 0 01 42,22 422,221
D4(a1) 0 0 1 1 00 , 0 0 0 1
0
1 , 0 0 0 0
1
0 , 0 0 0 0
0
1 5,3,1
4 423,1
4
1
A3 + D2 1 0 0 0 00 , 0 1 0 0 00 , 0 0 1 0 00 , 0 0 0 0 10 , 0 0 0 0 01 42,3,1 422,222
A1 + D4(a1) 1 0 0 0 00 , 0 0 1 1 00 , 0 0 0 1 01 , 0 0 0 0 10 , 0 0 0 0 01 5,3,22 423,221
D4 0 0 1 0 00 , 0 0 0 1
0
0 , 0 0 0 0
1
0 , 0 0 0 0
0
1 7,1
5 64,22,1
4
1
A2 + D3 1 0 0 0 00 , 0 1 0 0 00 , 0 0 0 1 00 , 0 0 0 0 10 , 0 0 0 0 01 5,32,1 43,322,22
A2 + D3(2) 1 0 0 0 00 , 0 1 0 0 00 , 0 0 0 1 00 , 0 0 0 0 10 , 0 0 0 0 01 , 0 1 1 1 11 – 423,222
A4 1 0 0 0 00 , 0 1 0 0
0
0 , 0 0 1 0
0
0 , 0 0 0 1
0
0 5
2,12 523,1
2
1
A1 + D4 1 0 0 0 00 , 0 0 1 0 00 , 0 0 0 1 00 , 0 0 0 0 10 , 0 0 0 0 01 7,22,1 64,232
(A5)′ 1 0 0 0 00 , 0 1 0 0 00 , 0 0 1 0 00 , 0 0 0 1 00 , 0 0 0 0 10 62 623
(A5)′′ 1 0 0 0 00 , 0 1 0 0 00 , 0 0 1 0 00 , 0 0 0 1 00 , 0 0 0 0 01 62 623
D5(a1) 0 1 0 0 00 , 0 0 1 1
0
0 , 0 0 0 1
0
1 , 0 0 0 0
1
0 , 0 0 0 0
0
1 7,3,1
2 64,43,1
2
1
D6(a2) 1 1 0 0 00 , 0 1 1 0
0
0 , 0 0 1 1
0
0 , 0 0 0 1
0
1 , 0 0 0 0
1
0 , 0 0 0 0
0
1 7,5 6
2
4
D5 0 1 0 0 00 , 0 0 1 0
0
0 , 0 0 0 1
0
0 , 0 0 0 0
1
0 , 0 0 0 0
0
1 9,1
3 85,22,1
2
1
D6(a1) 1 0 0 0 00 , 0 1 0 0
0
0 , 0 0 1 1
0
0 , 0 0 0 1
0
1 , 0 0 0 0
1
0 , 0 0 0 0
0
1 9,3 85,43
D6 1 0 0 0 00 , 0 1 0 0
0
0 , 0 0 1 0
0
0 , 0 0 0 1
0
0 , 0 0 0 0
1
0 , 0 0 0 0
0
1 11,1 106,22
4.1. The case (M,G) = (A1 A˜1,G2)
If CM meets a Levi subgroup A1T1 or A˜1T1 then CG has the same name as CM . The remaining
class is given in Table 10.
4.2. The case (M,G) = (A2,G2)
If CM meets a Levi subgroup A1T1 then CG has the same name as CM . The remaining class is given
in Table 11.
4.3. The case (M,G) = ( A˜2,G2) (p = 3)
For the maximal subgroup A˜2 when p = 3, the non-identity unipotent classes are given in Table 12.
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Table 8
Jordan blocks
p > 2 p = 2
116 1161
22,112 221,1
12
1
3,113 222,1
12
1
24,18 241,1
8
1
3,22,19 242,1
8
1
32,110 322,1
10
1
5,111 43,22,1
10
1
26,14 261,1
4
1
28 281
28 281
3,24,15 262,1
4
1
3,26,1 282
32,22,16 322,2
2
1,1
6
1
33,17 322,2
2
2,1
6
1
42,18 422,1
8
1
5,22,17 43,2
3
2,1
6
1
32,24,12 322,2
4
1,1
2
1
5,3,18 423,1
8
1
7,19 64,22,1
8
1
33,22,13 322,2
4
2,1
2
1
34,14 342,1
4
1
5,24,13 43,2
5
2,1
2
1
34,22 342,2
2
1
42,22,14 422,2
2
1,1
4
1
35,1 342,2
2
2
42,24 422,2
4
1
42,24 422,2
4
1
42,3,15 422,2
2
2,1
4
1Unipotent classes in D8.
Class Roots
∅ –
A1 1 0 0 0 0 0 00
D2 0 0 0 0 0 0 10 , 0 0 0 0 0 0
0
1
2A1 1 0 0 0 0 0 00 , 0 0 1 0 0 0
0
0
A1 + D2 1 0 0 0 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0
D3 0 0 0 0 0 1 00 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
3A1 1 0 0 0 0 0 00 , 0 0 1 0 0 0
0
0 , 0 0 0 0 1 0
0
0
(4A1)′ 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10
(4A1)′′ 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 01
2A1 + D2 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
3A1 + D2 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + A1 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00
A2 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A3 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0
A1 + D3 1 0 0 0 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + 2A1 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00
D4(a1) 0 0 0 0 1 1 00 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D4 0 0 0 0 1 0 00 , 0 0 0 0 0 1
0
0 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
A2 + A1 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
2A2 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0
2A1 + D3 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
2A2 + A1 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10
A3 + A1 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00
2A2 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
(A3 + 2A1)′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10
(A3 + 2A1)′′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 01
A3 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
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Jordan blocks
p > 2 p = 2
5,3,22,14 423,2
2
1,1
4
1
5,3,24 423,2
4
1
5,32,15 43,3
2
2,22,1
4
1
– 423,2
2
2,1
4
1
42,3,22,1 422,2
4
2
52,16 523,1
6
1
7,22,15 64,2
3
2,1
4
1
42,32,12 422,3
2
2,1
2
1
5,32,22,1 43,322,2
3
2
– 423,2
4
2
7,3,16 64,43,1
6
1
44 442
44 442
5,33,12 423,3
2
2,1
2
1
7,24,1 64,2
5
2
9,17 85,22,1
6
1
5,42,13 433,22,1
2
1
52,22,12 523,2
2
1,1
2
1
5,42,3 443
52,3,13 523,2
2
2,1
2
1
7,3,22,12 64,43,2
2
1,1
2
1
52,32 523,3
2
2
62,14 623,1
4
1
7,32,13 64,3
2
2,22,1
2
1
– 64,43,2
2
2,1
2
1
53,1 523,43,22
62,22 623,2
2
1
62,22 623,2
2
1
(continued on next page)Table 8 (continued)
Class Roots
A1 + D4(a1) 1 0 0 0 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
2A1 + D4(a1) 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + D3 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + D3(2) 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01 , 0 0 0 1 1 1 11
A3 + A1 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A4 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0
A1 + D4 1 0 0 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A3 + A2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00
A2 + A1 + D3 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 1 0 0 0 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + A1 + D3(2) 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 1 0 0 0 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01 , 0 0 0 1 1 1 11
D5(a1) 0 0 0 1 0 0 00 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
(2A3)′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10
(2A3)′′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 01
A2 + D4(a1) 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
2A1 + D4 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
D5 0 0 0 1 0 0 00 , 0 0 0 0 1 0
0
0 , 0 0 0 0 0 1
0
0 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
A3 + D3 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A4 + A1 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00
A3 + D4(a1) 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A4 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A1 + D5(a1) 1 0 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A4 + A2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10
A5 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0
A2 + D4 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + D4(2) 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01 , 0 0 1 1 1 1 11
A4 + D3 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
(A5 + A1)′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10
(A5 + A1)′′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 01
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Jordan blocks
p > 2 p = 2
7,33 64,43,3
2
2
7,5,14 624,1
4
1
9,22,13 85,2
3
2,1
2
1
62,3,1 623,2
2
2
7,42,1 64,4
2
2,22
– 64,4
2
3,22
7,5,22 624,2
2
1
9,3,14 85,43,1
4
1
7,5,3,1 624,2
2
2
9,3,22 85,43,2
2
1
11,15 106,22,1
4
1
72,12 724,1
2
1
9,32,1 85,3
2
2,22
– 85,43,2
2
2
82 824
82 824
9,5,12 85,64,1
2
1
11,22,1 106,2
3
2
9,7 825
11,3,12 106,43,1
2
1
11,5 106,64
13,13 127,22,1
2
1
13,3 127,43
15,1 148,22Table 8 (continued)
Class Roots
A2 + D5(a1) 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
D6(a2) 0 0 1 1 0 0 00 , 0 0 0 1 1 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
A1 + D5 1 0 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A5 + D2 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A3 + D4 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A3 + D4(2) 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01 , 0 1 1 1 1 1 11
A1 + D6(a2) 1 0 0 0 0 0 00 , 0 0 1 1 0 0 00 , 0 0 0 1 1 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
D6(a1) 0 0 1 0 0 0 00 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D8(a5) 0 0 0 0 0 1 00 , 1 1 0 0 0 0
0
0 , 0 1 1 0 0 0
0
0 , 0 0 1 1 1 0
0
0 , 0 0 0 1 1 1
0
0 , 0 0 0 0 1 1
1
0 , 0 0 0 0 1 1
0
1 , 0 0 0 0 0 1
1
1
A1 + D6(a1) 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 1 00 , 0 0 0 0 0 1 01 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
D6 0 0 1 0 0 0 00 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0 , 0 0 0 0 0 1
0
0 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
A6 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0 , 0 0 0 0 0 1
0
0
A2 + D5 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
A2 + D5(2) 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01 , 0 1 1 1 1 1 11
(A7)′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10
(A7)′′ 1 0 0 0 0 0 00 , 0 1 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 01
D7(a2) 0 1 0 0 0 0 00 , 0 0 1 1 0 0
0
0 , 0 0 0 1 1 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
A1 + D6 1 0 0 0 0 0 00 , 0 0 1 0 0 0 00 , 0 0 0 1 0 0 00 , 0 0 0 0 1 0 00 , 0 0 0 0 0 1 00 , 0 0 0 0 0 0 10 , 0 0 0 0 0 0 01
D8(a3) 1 1 0 0 0 0 00 , 0 1 1 0 0 0
0
0 , 0 0 1 1 0 0
0
0 , 0 0 0 1 1 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D7(a1) 0 1 0 0 0 0 00 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D8(a2) 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 1 0 0
0
0 , 0 0 0 1 1 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D7 0 1 0 0 0 0 00 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0 , 0 0 0 0 0 1
0
0 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D8(a1) 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 1
0
0 , 0 0 0 0 0 1
0
1 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
D8 1 0 0 0 0 0 00 , 0 1 0 0 0 0
0
0 , 0 0 1 0 0 0
0
0 , 0 0 0 1 0 0
0
0 , 0 0 0 0 1 0
0
0 , 0 0 0 0 0 1
0
0 , 0 0 0 0 0 0
1
0 , 0 0 0 0 0 0
0
1
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Pairs of unipotent classes indistinguishable by Jordan structure (p = 2).
G CG Jordan structure on L(G) Dimensions of
d.c.s. factors
E7 A5 + A1 810,66,27,13 5,1
D6(a2) 810,66,27,13 5
E8 D4(a1) + A1 454,32,210,16 9,3
A3 + A2(2) 454,32,210,16 3
E8 D5(a1) + A1 811,67,426,26,12 4,1
D4 + A2(2) 811,67,426,26,12 2
E8 A5 + A1 814,618,212,14 5,1
D6(a2) 814,618,212,14 5
E8 D6(a1) 827,6,45,2,14 9,2
E7(a4) 827,6,45,2,14 4
E8 E7(a3) 163,145,102,810,64,22,12 7,2
D7(a1)(2) 163,145,102,810,64,22,12 4
E8 E6 + A1 1610,106,8,6,26,12 5,1
E7(a2) 1610,106,8,6,26,12 5
E8 E7(a1) 1611,143,102,6,2,12 8,2
E8(b4) 1611,143,102,6,2,12 5
Table 10
Unipotent classes for (M,G) = (A1 A˜1,G2).
CM CG
p = 2 p = 2
A1 ⊕ A˜1 G2(a1) A˜1
Table 11
Unipotent classes for
(M,G) = (A2,G2).
CM CG
A2 G2(a1)
Table 12
Unipotent classes for
(M,G) = ( A˜2,G2)
(p = 3).
CM CG
A˜1 A˜1
A˜2 G2(a1)
4.4. The case (M,G) = (B4, F4)
If CM meets a Levi subgroup B3T1 or A2 A˜1T1 then CG has the same name as CM , except that our
convention for naming classes in groups of type B means that any ‘B1’ in the name of CM becomes
an ‘ A˜1’ in the name of CG . The remaining classes are given in Table 13.
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Unipotent classes for (M,G) = (B4, F4).
CM CG
p = 2 p = 2
2A1 A˜1 A˜1(2)
A1 + A˜1(2) – A1 + A˜1
A3 B2 B2(2)
A1 + B2 C3(a1) C3(a1)
A1 + B2(2) – C3(a1)(2)
B4(a2) F4(a3) F4(a3)
B3(2) – B3
B4 F4(a1) F4(a1)
Table 14
Unipotent classes for (M,G) =
(C4, F4) (p = 2).
CM CG
C1 A1
A1 A˜1
A1(2) A˜1(2)
A1 + C1 A1 + A˜1
2A1 A˜1(2)
2A1(2) A1 + A˜1
C2 B2
A2 A˜2
A2 + C1 A˜2 + A1
C3(a1) C3(a1)
A1 + C2 B2(2)
A1 + C2(2) C3(a1)(2)
A3 C3(a1)
A3(2) F4(a3)
C3 C3
C4(a1) C3
C4 F4(a1)
Table 15
Unipotent classes for (M,G) =
(C3 A1, F4) (p > 2).
CM CG
C1 ⊕ A1 A˜1
A1 + C1 ⊕ A1 A2
C2 ⊕ A1 C3(a1)
C3(a1) ⊕ A1 F4(a3)
C3 ⊕ A1 F4(a2)
4.5. The case (M,G) = (C4, F4) (p = 2)
For the maximal subgroup C4 when p = 2, the non-identity unipotent classes are given in Table 14.
4.6. The case (M,G) = (C3A1, F4) (p > 2)
If CM meets a Levi subgroup C3T1 or A1 A˜2T1 then CG has the same name as CM , except that our
convention for naming classes in groups of type C means that any ‘Ar ’, ‘C1’ or ‘C2’ in the name of
the projection of CM on the C3 factor becomes an ‘ A˜r ’, ‘A1’ or ‘B2’ respectively in the name of CG .
The remaining classes are given in Table 15.
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Unipotent classes for (M,G) = (A2 A˜2, F4).
CM CG
p = 3 p = 3
A2 ⊕ A˜2 F4(a3) A˜2 + A1
Table 17
Unipotent classes for (M,G) = (A5 A1, E6).
CM CG
p = 2 p = 2
3A1 ⊕ A1 A2 3A1
A3 + A1 ⊕ A1 D4(a1) A3 + A1
A5 ⊕ A1 E6(a3) A5
Table 18
Unipotent classes for (M,G) = (A2 A2 A2, E6).
CM CG
p = 3 p = 3
A2 ⊕ A2 ⊕ A2 D4(a1) 2A2 + A1
4.7. The case (M,G) = (A2 A˜2, F4)
If CM meets a Levi subgroup A2 A˜1T1 or A1 A˜2T1 then CG has the same name as CM . The remaining
class is given in Table 16.
4.8. The case (M,G) = (A5A1, E6)
If CM meets a Levi subgroup A5T1 or A2A2A1T1 then CG has the same name as CM . The remaining
classes are given in Table 17.
4.9. The case (M,G) = (A2A2A2, E6)
If CM meets a Levi subgroup A2A2A1T1 then CG has the same name as CM . The remaining class is
given in Table 18.
4.10. The case (M,G) = (D6A1, E7)
In the case of the maximal subgroup D6A1 of E7, one must begin with its location; we take the D6
factor to have simple roots α7, α6, α5, α4, α3, α2 (in that order). Using the list of class representatives
in Table 7, we then see that, for X ∈ {3A1, A3+ A1, A5}, the D6-class (X)′ meets a Levi subgroup A6T1
of E7, while the D6-class (X)′′ does not. Consequently, for each class CM lying in the D6 factor, CG
has the same name as CM , except that any ‘D2’ or ‘D3’ in the name of CM becomes a ‘2A1’ or ‘A3’
respectively in the name of CG ; note that if CM = D2 + A1 or D3 + A1 then CM meets a Levi subgroup
A6T1 and so CG = (3A1)′ or (A3 + A1)′ respectively. Now consider the classes which project non-
trivially on the A1 factor. If CM meets a Levi subgroup D5A1T1, A5A1T1 or A4A2A1T1 then CG has
the same name as CM . Note that if CM = (X)′′ ⊕ A1 for X ∈ {3A1, A3 + A1, A5}, then the projection
of CM on the D6 factor meets a Levi subgroup A6T1 and so CG = X + A1. Similarly if CM = 2A1 ⊕ A1
or A3 ⊕ A1, then CM meets a Levi subgroup A6T1 and so CG = (3A1)′ or (A3 + A1)′ respectively; if
however CM = D2 ⊕ A1 or D3 ⊕ A1, then CM does not meet a Levi subgroup A6T1 and so CG = (3A1)′′
or (A3 + A1)′′ respectively. The remaining classes are given in Table 19.
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Unipotent classes for (M,G) = (D6A1, E7).
CM CG
p = 2 p = 2
(3A1)′ ⊕ A1 A2 (3A1)′
2A1 + D2 ⊕ A1 A2 + A1 4A1
(A3 + A1)′ ⊕ A1 D4(a1) (A3 + A1)′
A3 + D2 ⊕ A1 D4(a1) + A1 A3 + 2A1
A1 + D4(a1) ⊕ A1 A3 + A2 A3 + A2(2)
A2 + D3(2) ⊕ A1 – A3 + A2 + A1
A1 + D4 ⊕ A1 D5(a1) D4 + A1
(A5)′ ⊕ A1 E6(a3) (A5)′
D6(a2) ⊕ A1 E7(a5) D6(a2)
D6(a1) ⊕ A1 E7(a4) E7(a4)
D6 ⊕ A1 E7(a3) D6
Table 20
Unipotent classes for (M,G) = (A7, E7).
CM CG
p = 2 p = 2
4A1 A2 (3A1)′
A3 + 2A1 D4(a1) (A3 + A1)′
2A3 A4 A3 + A2(2)
A5 + A1 E6(a3) (A5)′
A7 E6(a1) E7(a4)
Table 21
Unipotent classes for (M,G) = (A5 A2, E7).
CM CG
p = 3 p = 3
2A2 ⊕ A2 D4(a1) 2A2 + A1
A5 ⊕ A2 E7(a5) A5 + A1
4.11. The case (M,G) = (A7, E7)
If CM meets a Levi subgroup A6T1 or A4A2T1 then CG has the same name as CM ; note that
if CM = X for X ∈ {3A1, A3 + A1, A5} then CM meets a Levi subgroup A6T1 and so CG = (X)′ . The
remaining classes are given in Table 20.
4.12. The case (M,G) = (A5A2, E7)
If CM meets a Levi subgroup A5A1T1, A4A2T1 or A3A2A1 then CG has the same name as CM ; note
that if CM = X ⊕ ∅ for X ∈ {3A1, A3 + A1, A5} then CM does not meet a Levi subgroup A6T1 and so
CG = (X)′′ , while if CM = X ⊕ A1 for X ∈ {2A1, A3} then CM does meet a Levi subgroup A6T1 and so
CG = (X + A1)′ . The remaining classes are given in Table 21.
4.13. The case (M,G) = (D8, E8)
In the case of the maximal subgroup D8 of E8, one must begin with its location; we take it to
have simple roots 23432102 , α8, α7, α6, α5, α4, α3, α2 (in that order). If CM meets a Levi subgroup
D7T1, A7T1, D5A2T1 or A4A3T1 then CG has the same name as CM , except that any ‘D2’ or ‘D3’
in the name of CM becomes a ‘2A1’ or ‘A3’ respectively in the name of CG . Note that of the two A7
subsystems generated by the ﬁrst six of the roots listed together with the seventh or the eighth, the
former is not of parabolic type whereas the latter is; thus if we use the list of class representatives in
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Unipotent classes for (M,G) = (D8, E8).
CM CG
p = 2 p = 2
(4A1)′ A2 3A1
3A1 + D2 A2 + A1 4A1
(A3 + 2A1)′ D4(a1) A3 + A1
2A1 + D4(a1) A3 + A2 A3 + A2(2)
A3 + A1 + D2 D4(a1) + A1 A3 + 2A1
A2 + A1 + D3(2) – A3 + A2 + A1
(2A3)′ A4 A3 + A2(2)
2A1 + D4 D5(a1) D4 + A1
A3 + D4(a1) A4 + 2A1 2A3
(A5 + A1)′ E6(a3) A5
A5 + D2 E6(a3) + A1 A5 + A1
A3 + D4 D6(a2) D4 + A2(2)
A3 + D4(2) – D5(a1) + A2
A1 + D6(a2) E7(a5) D6(a2)
D8(a5) E8(a7) D6(a2)
A1 + D6(a1) E7(a4) E7(a4)
(A7)′ E6(a1) E7(a4)
A1 + D6 E7(a3) D6
D8(a3) E8(b6) A7
D8(a2) E8(a6) D7(a1)(2)
D8(a1) E8(a5) D7
D8 E8(a4) E8(b4)
Table 8, for X ∈ {4A1, A3 + 2A1,2A3, A5 + A1, A7} the D8-class (X)′′ meets a Levi subgroup A7T1 of
E8, and so the E8-class is X , while the D8-class (X)′ does not. These and the remaining classes are
given in Table 22.
4.14. The case (M,G) = (E7A1, E8)
If CM meets a Levi subgroup E7T1, E6A1T1, A6A1T1 or A4A2A1T1 then CG has the same name
as CM ; however, care must be taken if the projection of CM on the E7 factor is (X)′ or (X)′′ for X ∈
{3A1, A3 + A1, A5}. In these cases, if CM = (X)′ ⊕ ∅ or (X)′′ ⊕ ∅ then CG = X , while if CM = (X)′ ⊕ A1
then CM meets a Levi subgroup A6A1T1 and so CG = X + A1. The remaining classes are given in
Table 23.
4.15. The case (M,G) = (E6A2, E8)
If CM meets a Levi subgroup E6A1T1, D5A2T1 or A4A2A1T1 then CG has the same name as CM .
The remaining classes are given in Table 24.
4.16. The case (M,G) = (A8, E8)
If CM meets a Levi subgroup A7T1, A6A1T1 or A4A3T1 then CG has the same name as CM . The
remaining classes are given in Table 25.
4.17. The case (M,G) = (A4A4, E8)
If CM meets a Levi subgroup A4A3T1 or A4A2A1T1 then CG has the same name as CM . The re-
maining class is given in Table 26.
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Unipotent classes for (M,G) = (E7 A1, E8).
CM CG
p = 2 p = 2
(3A1)′′ ⊕ A1 A2 3A1
4A1 ⊕ A1 A2 + A1 4A1
A2 + 3A1 ⊕ A1 2A2 A2 + 3A1
(A3 + A1)′′ ⊕ A1 D4(a1) A3 + A1
A3 + 2A1 ⊕ A1 D4(a1) + A1 A3 + 2A1
D4(a1) + A1 ⊕ A1 A3 + A2 A3 + A2(2)
A3 + A2(2) ⊕ A1 – A3 + A2 + A1
A3 + A2 + A1 ⊕ A1 D4(a1) + A2 A3 + A2 + A1
(A5)′′ ⊕ A1 E6(a3) A5
D4 + A1 ⊕ A1 D5(a1) D4 + A1
A5 + A1 ⊕ A1 E6(a3) + A1 A5 + A1
D5(a1) + A1 ⊕ A1 D4 + A2 D4 + A2(2)
D6(a2) ⊕ A1 E7(a5) D6(a2)
E7(a5) ⊕ A1 E8(a7) E7(a5)
D5 + A1 ⊕ A1 D6(a1) D5 + A1
D6(a1) ⊕ A1 E7(a4) E7(a4)
E7(a4) ⊕ A1 D5 + A2 D5 + A2(2)
D6 ⊕ A1 E7(a3) D6
E7(a3) ⊕ A1 D7(a1) D7(a1)(2)
E7(a2) ⊕ A1 E8(b5) E7(a2)
E7(a1) ⊕ A1 E8(b4) E8(b4)
E7 ⊕ A1 E8(a3) E7
Table 24
Unipotent classes for (M,G) = (E6 A2, E8).
CM CG
p = 3 p = 3
2A2 ⊕ A2 D4(a1) 2A2 + A1
2A2 + A1 ⊕ A2 D4(a1) + A1 2A2 + 2A1
A5 ⊕ A2 E7(a5) A5 + A1
E6(a3) ⊕ A2 E8(a7) E6(a3) + A1
E6(a1) ⊕ A2 E8(b6) E8(b6)
E6 ⊕ A2 E8(b5) E6 + A1
Table 25
Unipotent classes for (M,G) = (A8, E8).
CM CG
p = 3 p = 3
3A2 D4(a1) 2A2 + A1
A5 + A2 E7(a5) A5 + A1
A8 E8(a6) E8(b6)
Table 26
Unipotent classes for (M,G) = (A4 A4, E8).
CM CG
p = 5 p = 5
A4 ⊕ A4 E8(a7) A4 + A3
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Unipotent classes for M of type A1.
G M p CG
G2 A1  7 G2
F4 A1  13 F4
E7 (A1)∗  19 E7
E7 (A1)∗∗  17 E7(a1)
E8 (A1)∗  31 E8
E8 (A1)∗∗  29 E8(a1)
E8 (A1)∗∗∗  23 E8(a2)
5. Subgroups M not containing a maximal torus
In this section we treat the subgroups M listed in Table 2. Here we may sometimes identify classes
using the method described in Section 3; however, on several occasions we must take a different
approach, either because we do not have explicit expressions for root elements of M in terms of
those of G , or because the expressions we have involve coeﬃcients outside the prime subﬁeld of k.
We ﬁrst treat those cases in which M is of type A1, in each of which only the one class CG need
be identiﬁed. For the remaining cases, if M is simple the table has two columns headed ‘CM ’ and
‘CG ’ much as in Section 4; if however M = M1M2 the table is a 2-dimensional array, with the entry
in the row labelled by CM1 and column labelled by CM2 being the class CG containing the M-class
CM = CM1 ⊕ CM2 . Note that the ﬁve cases (M,G) = (F4G2, E8), (F4A1, E7), (F4, E6), (C3G2, E7) and
(A2G2, E6) are treated together, since intersecting the ﬁrst of these with an appropriate E7 or E6
subgroup of E8 gives the others.
We quite often ﬁnd that the name of the G-class CG containing a given M-class CM is dependent
upon the characteristic p. However, whereas in Section 4 for each pair (M,G) there was a single prime
p0 such that the correspondence between M-classes and G-classes was the same for all p = p0, here
there can be several characteristics in which this correspondence differs from that in the ‘generic’
case. It would therefore be too unwieldy to have separate columns in our tables to cover different
characteristics; instead, we list in each table the ‘generic’ behaviour and use numbered footnotes to
indicate those instances where the behaviour is different for certain characteristics.
5.1. The cases where M is of type A1
In all seven cases where M is of type A1, the non-identity unipotent G-class CG meeting M is
identiﬁed in [11]; the results are given in Table 27.
5.2. The case (M,G) = (G2, F4) (p = 7)
The maximal G2 in F4 when p = 7 is treated by Testerman in [19]; she shows that we may take
the simple root groups of the G2 to be {xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x1000(t)x0010(t)x0001(t)x0011
(
−1
2
t2
)
, xβ2 (t) = x1100(4t)x0110(t).
We may therefore proceed as described in Section 3; we ﬁnd that the F4-classes are as given in
Table 28.
5.3. The case (M,G) = (G2A1, F4) (p  3)
The maximal G2A1 in F4 is described in [18, 3.9], where it is shown that each simple factor is
the connected centralizer of the other, and the G2 lies in the Levi subgroup of the maximal parabolic
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Unipotent classes for (M,G) =
(G2, F4) (p = 7).
CM CG
A1 A1 + A˜1
A˜1 A˜2 + A1
G2(a1) F4(a3)
G2 F4(a2)
Table 29
Unipotent classes for (M,G) = (G2 A1, F4) (p 3).
CG2 CA1
∅ A1
∅ ∅ A˜2
A1 A1 A˜2 + A1
A˜1 A1 + A˜1 C3(a1)[1]
A˜1(3) A1 + A˜1 A˜2 + A1
G2(a1) A2 F4(a3)[2]
G2 B3 F4(a2)
[1] A˜2 if p = 3.
[2] A˜2 + A1 if p = 3.
subgroup corresponding to the simple root 0001. We may therefore take the simple root groups of the
G2 to be {xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x1000(t)x0010(t)
and β2 = 0100; we then ﬁnd that the A1 has root group {xγ (t): t ∈ k}, where
xγ (t) = x1111(t)x0121(−t)x1232
(
−1
2
t2
)
.
We may therefore proceed as described in Section 3; we ﬁnd that the F4-classes are as given in
Table 29.
5.4. The case (M,G) = (A2, E6) (p  5)
The maximal A2 in E6 is treated by Testerman in [19]; she shows that if we choose i ∈ k satisfying
i2 = −1 then we may take the simple root groups of the A2 to be {xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x 10000
0
(t)x 01000
0
(t)x 11000
0
(
−1
2
t2
)
x 00000
1
(t)x 00010
0
(t)x 00001
0
(t)x 00011
0
(
−1
2
t2
)
,
xβ2 (t) = x 11100
0
(t)x 00110
1
(
(i − 1)t)x 11210
1
(
1
2
(i − 1)t2
)
x 01110
0
(
1
2
(i + 1)t
)
× x 00111
0
(it)x 01100
1
(
(i − 1)t)x 01211
1
(
−1
2
(i + 1)t2
)
.
She also gives a faithful 27-dimensional representation of A2 in which the images of xβ1 (1) and xβ2 (1)
are matrices whose entries lie in Z or Z/pZ according as p = ∞ or p < ∞. Moreover, she shows that
this representation is equivalent to that of the maximal A2 in E6 on the 27-dimensional module
for E6. We may therefore use the matrices she gives to compute Jordan structure for the unipotent
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Unipotent classes for
(M,G) = (A2, E6) (p 5).
CM CG
A1 2A2 + A1
A2 E6(a3)[1]
[1] A4 + A1 if p = 5.
classes of the maximal A2 in the 27-dimensional representation of E6; we ﬁnd that the E6-classes
are as given in Table 30.
5.5. The case (M,G) = (G2, E6) (p = 7)
First assume p = 2,7. In this case the maximal G2 in E6 is treated by Testerman in [19]; she shows
that if we choose  ∈ k satisfying 2 = −7 then we may take the simple root groups of the G2 to be
{xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x 10000
0
(t)x 01000
0
(t)x 11000
0
(
−1
2
t2
)
x 00000
1
(t)x 00010
0
(t)x 00001
0
(t)x 00011
0
(
−1
2
t2
)
,
xβ2 (t) = x 01100
0
(4t)x 00100
1
(
2( − 1)t)x 00110
0
(
( − 3)t).
She also gives a faithful 27-dimensional representation of G2 in which the images of xβ1 (1) and xβ2 (1)
are matrices whose entries lie in Z or Z/pZ according as p = ∞ or p < ∞. Moreover, she shows
that this representation is equivalent to that of the maximal G2 in E6 on the 27-dimensional module
for E6. We may therefore use the matrices given to compute Jordan structure for the unipotent classes
of the maximal G2 in the 27-dimensional representation of E6. If p = 5 or p  11 this suﬃces to
determine the E6-classes. If however p = 3 then the G2-classes A˜1, A˜1(3) and G2(a1) all have Jordan
structure 39, which according to [10, Table 5] is that of the two E6-classes 2A2 and 2A2 + A1. The
G2-class A˜1 contains the short root element xβ1 (1), which clearly lies in the class 2A2 + A1. Since the
other two G2-classes concerned both contain A˜1 in their closure, and in E6 the class 2A2 lies in the
closure of the class 2A2 + A1, it must be that the G2-classes A˜1(3) and G2(a1) also lie in the E6-class
2A2 + A1.
Now assume p = 2. In [13] the starting-point for the maximal G2 is the paper [9] of Kleidman
and Wilson, which establishes the existence of maximal G2(2) subgroups in E6(2). It is shown that
in such a G2(2) the subgroup L3(2) lies in an A2 subgroup of E6 which is diagonally embedded in an
A23 subsystem subgroup with non-trivial projection in each simple factor; as the G2-classes A1 and
G2(a1) meet the L3(2), from the case (M,G) = (A23, E6) of the previous section it follows that they
lie in the E6-classes 3A1 and D4(a1) respectively. Since the G2-class A˜1 contains involutions and its
closure contains the class A1, the only possibility for the corresponding E6-class is 3A1. This leaves
the regular G2-class to consider; its square is the G2-class G2(a1), and the only E6-class whose square
is D4(a1) is D5. The results for all characteristics are recorded in Table 31.
5.6. The case (M,G) = (C4, E6) (p  3)
The maximal C4 in E6 is the centralizer of a graph automorphism of order 2; we may take its
simple root groups to be {xβ j (t): t ∈ k} for j = 1,2,3,4, where
xβ1(t) = x 01100
1
(t)x 00110
1
(−t), xβ2 (t) = x 10000
0
(t)x 00001
0
(t), xβ3(t) = x 01000
0
(t)x 00010
0
(−t),
and β4 = 001000 . We may therefore proceed as described in Section 3; we ﬁnd that the E6-classes are
as given in Table 32.
288 R. Lawther / Journal of Algebra 322 (2009) 270–293Table 31
Unipotent classes for
(M,G) = (G2, E6) (p = 7).
CM CG
A1 3A1
A˜1 2A2 + A1[1]
A˜1(3) 2A2 + A1
G2(a1) D4(a1)[2]
G2 E6(a1)[3]
[1] 3A1 if p = 2.
[2] 2A2 + A1 if p = 3.
[3] D5 if p = 2.
Table 32
Unipotent classes for
(M,G) = (C4, E6) (p 3).
CM CG
C1 A1
A1 2A1
A1 + C1 3A1
2A1 A2
C2 A3
A2 2A2
A2 + C1 2A2 + A1
C3(a1) A3 + A1
A1 + C2 D4(a1)
A3 A4
C3 A5
C4(a1) E6(a3)
C4 E6(a1)
5.7. The case (M,G) = (A2, E7) (p  5)
The maximal A2 in E7 is treated by Seitz in [18, 5.8] for p  7 and by Liebeck and Seitz in
[13, Lemma 4.1.3] for p = 5. It is shown that we may take simple root vectors for the Lie algebra
of the A2 to be eβ j for j = 1,2, where
eβ1 = e 011100
1
+ 4e 110000
0
+ 3e 001000
1
+ 2e 000110
0
+ e 011000
0
,
eβ2 = e 001000
0
+ 8e 100000
0
− 2e 011100
0
+ e 000011
0
+ 4e 001100
1
.
We may use these to compute Jordan structure in the adjoint representation for the nilpotent classes.
Since the characteristic is good, the Bala–Carter–Pommerening classiﬁcation applies equally to unipo-
tent and nilpotent classes; moreover, as is stated in [12], it is then found that corresponding unipotent
and nilpotent classes have the same Jordan structure in the adjoint representation. We may therefore
identify the unipotent classes meeting M; we give this information in Table 33.
5.8. The case (M,G) = (A1A1, E7) (p  5)
The maximal A1A1 in E7 is described in [18, 3.12], where it is shown that each simple factor is
the connected centralizer of the other, with one lying in an A3A2A1 subsystem subgroup of E7, and
the other lying in an A4A2 subsystem subgroup in such a way that the projection in each factor is a
regular A1 subgroup. In [11] the unipotent E7-classes meeting the various A1 subgroups embedded
in M are determined (note that although Table 4 of [11] has a characteristic restriction p > 7, the
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Unipotent classes for
(M,G) = (A2, E7) (p 5).
CM CG
A1 A4 + A1
A2 E6(a1)[1]
[1] A6 if p = 7,
A4 + A2 if p = 5.
Table 34
Unipotent classes for (M,G) = (A1 A1, E7).
CA1 CA1
∅ A1
∅ ∅ A4 + A2
A1 A3 + A2 + A1 E7(a5)
end of Section 6 explains that the identiﬁcations of unipotent classes hold more generally in good
characteristic, as is the case here); the E7-classes are given in Table 34.
5.9. The case (M,G) = (G2A1, E7) (p  3)
The maximal G2A1 in E7 is described in [18, 3.12], where it is shown that each simple factor is
the connected centralizer of the other, with the G2 lying in an A6 subsystem subgroup, and the A1
lying in an A2A13 subsystem subgroup in such a way that the projection in each factor is a regular
A1 subgroup. In [11, p. 43] it is shown that we may take the simple root groups of the G2 to be
{xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x 011000
1
(−t)x 011100
0
(t)x 111000
0
(t)x 001100
1
(−2t)x 112100
1
(−t2),
xβ2 (t) = x 000110
0
(t)x 000011
0
(t);
the A1 then has root group {xγ (t): t ∈ k}, where
xγ (t) = x 100000
0
(t)x 010000
0
(t)x 110000
0
(
−1
2
t2
)
x 000000
1
(t)x 000100
0
(t)x 000001
0
(t).
We may therefore proceed as described in Section 3; we ﬁnd that the E7-classes are as given in
Table 35.
5.10. The case (M,G) = (B2, E8) (p  5)
The maximal B2 in E8 is treated by Seitz in [18, 6.7] for p  7 and by Liebeck and Seitz in
[13, Lemma 5.1.6] for p = 5. It is shown that we may take simple root vectors for the Lie algebra
of the B2 to be eβ j for j = 1,2, where
eβ1 = e 0010000
0
+ 3e 0000010
0
+ e 0111000
0
+ 2e 1111100
0
− e 0110000
1
,
eβ2 = e 0111000
1
+ e 1111000
1
+ e 0111100
1
− e 1111100
1
+ 3e 0011000
0
+ e 0000111
0
+ e 0010000
1
− 3e 0001110
0
.
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Unipotent classes for (M,G) = (G2 A1, E7) (p 3).
CG2 CA1
∅ A1
∅ ∅ A2 + 3A1
A1 2A1 2A2 + A1
A˜1 A2 + 2A1 D4(a1) + A1[1]
A˜1(3) A2 + 2A1 2A2 + A1
G2(a1) 2A2 A3 + A2 + A1[2]
G2 A6 E7(a4)[3]
[1] A2 + 3A1 if p = 3.
[2] 2A2 + A1 if p = 3.
[3] A6 if p = 7.
Table 36
Unipotent classes for
(M,G) = (B2, E8) (p 5).
CM CG
A1 A3 + 2A1
B1 A4 + A2
B2 E8(a6)[1]
[1] A6 + A1 if p = 7,
A4 + A3 if p = 5.
We may therefore proceed as in the case (M,G) = (A2, E7). If p  7 the characteristic is good, and
the argument is as presented before; so suppose p = 5. Here it is known (see for example [6, p. 183])
that the Bala–Carter–Pommerening classiﬁcation continues to hold for both unipotent and nilpotent
classes; moreover we ﬁnd that, provided a unipotent class contains elements of order p, it is still
true that its Jordan structure in the adjoint representation is the same as that of the corresponding
nilpotent class. Since unipotent elements in the B2 do have order p here, the argument goes through,
and we may identify the unipotent classes meeting M; we give this information (for all relevant p)
in Table 36.
5.11. The case (M,G) = (A2A1, E8) (p  5)
The maximal A2A1 in E8 is described in [18, 3.13], where it is shown that each simple factor is
the connected centralizer of the other, with the A2 lying in an A7 subsystem subgroup. In [11, p. 43]
it is shown that we may take the simple root group of the A1 to be {xγ (t): t ∈ k}, where
xγ (t) = x 0011000
0
(t)x 0100000
0
(t)x 0010000
1
(t)x 0111000
0
(
1
2
t2
)
x 0110000
1
(
−1
2
t2
)
x 0121000
1
(
1
3
t3
)
× x 0000000
1
(t)x 0001000
0
(t)x 0000010
0
(t)x 0000001
0
(t)x 0000011
0
(
−1
2
t2
)
,
and then the simple root groups of the A2 are {xβ j (t): t ∈ k} for j = 1,2, where
xβ1 (t) = x 0001111
0
(3t)x 0111100
1
(t)x 0011111
0
(−t)x 0121000
1
(t)x 0122211
1
(−t2)x 0011110
1
(2t)x 0111110
0
(−t),
xβ2 (t) = x 1111111
1
(3t)x 1222100
1
(−t)x 1121111
1
(t)x 1232100
1
(t)x 2343211
2
(−t2)x 1221110
1
(t)x 1122110
1
(−2t).
We may therefore proceed as described in Section 3; we ﬁnd that the E8-classes are as given in
Table 37.
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Unipotent classes for (M,G) = (A2 A1, E8) (p 5).
CA2 CA1
∅ A1
∅ ∅ D4(a1) + A2
A1 A2 + 2A1 A4 + 2A1
A2 A4 + A2 E8(a7)[1]
[1] A4 + A2 + A1 if p = 5.
5.12. The cases (M,G) = (F4G2, E8), (F4A1, E7), (F4, E6), (C3G2, E7), (A2G2, E6)
First consider the maximal F4G2 in E8. It is shown in [11, Lemma 3.2] that if we take the simple
root groups of the F4 to be {xβ j (t): t ∈ k} for j = 1,2,3,4, where β1 = 00000001 , β2 = 00100000 ,
xβ3 (t) = x 0100000
0
(t)x 0001000
0
(t), xβ4 (t) = x 1000000
0
(t)x 0000100
0
(t),
then the simple root groups for the G2 are {xγ j (t): t ∈ k} for j = 1,2, where
xγ1 (t) = x 1122110
1
(t)x 0122210
1
(−t)x 1221110
1
(−t)
and γ2 = 00000010 . We may therefore proceed as described in Section 3; we ﬁnd that the E8-classes
are as given in Table 38.
Now if we intersect this F4G2 with the E7 having simple roots α1, . . . ,α7 we obtain the maximal
F4A1 of E7. The relevant unipotent E7-classes are therefore given in the ﬁrst and third columns
of Table 38. However, care must be taken to distinguish between E7-classes (X)′ and (X)′′ for X ∈
{3A1, A3 + A1, A5}. By taking the expressions above and computing Jordan structure, we ﬁnd that the
classes CM which are (X)′ are those in the ﬁrst column, together with C3 ⊕ A˜1 when p = 3; the other
such classes are (X)′′ .
In similar fashion taking the intersection with the E6 having simple roots α1, . . . ,α6 gives the
maximal F4 of E6; thus the relevant unipotent E6-classes are given in the ﬁrst column of Table 38.
(These classes are also listed in [10, Table A].)
On the other hand, if we conjugate the F4G2 by an appropriate element of NG(T ) we may arrange
matters so that the simple root groups of the F4 are {xβ j (t): t ∈ k} for j = 1,2,3,4, where β1 =
0000001
0 , β2 = 00000100 ,
xβ3 (t) = x 0111100
0
(t)x 0011100
1
(t), xβ4 (t) = x 1110000
1
(t)x 1111000
0
(t),
while those for the G2 are {xγ j (t): t ∈ k} for j = 1,2, where
xγ1 (t) = x 0000000
1
(t)x 0100000
0
(−t)x 0001000
0
(t)
and γ2 = 00100000 . This time if we intersect with the E7 having simple roots α1, . . . ,α7 we obtain the
maximal C3G2 of E7. The relevant unipotent E7-classes are therefore given in the ﬁrst, second, third,
fourth, ﬁfth, seventh, ninth, thirteenth and seventeenth rows of Table 38. Again, we must take care to
distinguish between classes (X)′ and (X)′′ for X ∈ {3A1, A3 + A1, A5}. By taking the expressions above
and computing Jordan structure, we ﬁnd that this time the classes CM which are (X)′′ are those in
the ﬁrst column, together with C3 ⊕ A˜1 when p = 3; the other such classes are (X)′ .
Likewise the intersection with the E6 having simple roots α1, . . . ,α6 gives the maximal A2G2
of E6; thus the relevant unipotent E6-classes are given in the ﬁrst, third and seventh rows of Table 38.
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Unipotent classes for (M,G) = (F4G2, E8).
CF4 CG2
∅ A1 A˜1 A˜1(3) G2(a1) G2
∅ ∅ A1 3A1 3A1 A2 D4
A1 A1 2A1 4A1 4A1 A2 + A1 D4 + A1
A˜1 2A1 3A1 A2 + A1[1] A2 + A1 A2 + 2A1 D5(a1)[2]
A˜1(2) 2A1 3A1 4A1 − A2 + 2A1 D4 + A1
A1 + A˜1 3A1 4A1 A2 + 2A1[3] A2 + 2A1 A2 + 3A1 D5(a1) + A1[4]
A2 A2 A2 + A1 A2 + 3A1 A2 + 3A1 2A2 D4 + A2
A˜2 2A2 2A2 + A1 A3 + A1[5] 2A2 + A1 D4(a1)[6] E6(a3)[7]
A2 + A˜1 A2 + 2A1 A2 + 3A1 2A2 + A1[8] 2A2 + A1 2A2 + 2A1 D5(a1) + A2[9]
B2 A3 A3 + A1 D4(a1) + A1[10] D4(a1) + A1 A3 + A2 D6(a2)[11]
B2(2) A3 A3 + A1 A3 + 2A1 − A3 + A2 D4 + A2(2)
A˜2 + A1 2A2 + A1 2A2 + 2A1 A3 + 2A1[12] 2A2 + 2A1 D4(a1) + A1[13] E6(a3) + A1[14]
A˜2 + A1(2) 2A2 + A1 2A2 + 2A1 A3 + 2A1 − D4(a1) + A1 D4 + A2(2)
C3(a1) A3 + A1 A3 + 2A1 A3 + A2[15] A3 + A2 A3 + A2 + A1 E7(a5)[16]
C3(a1)(2) A3 + A1 A3 + 2A1 A3 + 2A1 − A3 + A2 + A1 D4 + A2(2)
F4(a3) D4(a1) D4(a1) + A1 A3 + A2 + A1 A3 + A2 + A1 D4(a1) + A2 E8(a7)[17]
B3 D4 D4 + A1 D5(a1) + A1[18] D5(a1) + A1 D4 + A2 A6[19]
C3 A5 A5 + A1 D6(a2)[20] A5 + A1 E7(a5)[21] E7(a4)[22]
F4(a2) E6(a3) E6(a3) + A1 E7(a5)[23] E6(a3) + A1 E8(a7)[24] D5 + A2[25]
F4(a1) D5 D5 + A1 E7(a4)[26] E7(a4) D5 + A2 E8(b6)[27]
F4 E6 E6 + A1 E7(a2)[28] E6 + A1 E8(b5)[29] E8(a5)[30]
[1] 3A1 if p = 2.
[2] D4 if p = 2.
[3] 4A1 if p = 2.
[4] D4 + A1 if p = 2.
[5] 2A2 if p = 3.
[6] 2A2 + A1 if p = 3.
[7] D5(a1) if p = 2.
[8] A2 + 3A1 if p = 2.
[9] D4 + A2 if p = 2.
[10] A3 + A1 if p = 2.
[11] D5(a1) if p = 2.
[12] 2A2 + A1 if p = 3.
[13] 2A2 + 2A1 if p = 3.
[14] D5(a1) + A1 if p = 2.
[15] A3 + 2A1 if p = 2.
[16] D5(a1) + A1 if p = 2.
[17] D5(a1) + A2 if p = 2.
[18] D4 + A1 if p = 2.
[19] D6(a2) if p = 2.
[20] A5 if p = 3.
[21] A5 + A1 if p = 3.
[22] A6 if p = 7, D5 + A1 if p = 2.
[23] E6(a3) if p = 3.
[24] E6(a3) + A1 if p = 3.
[25] A6 + A1 if p = 7.
[26] D5 + A1 if p = 2.
[27] D7(a2) if p = 2.
[28] E6 if p = 3.
[29] E6 + A1 if p = 3.
[30] E8(b5) if p = 3.
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